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Abstract—A transition to a fl ow virtually non-gradient in a screw reactors of heavy sedate liquid with thin wall 
layer is considered. The graphs of the differential response functions of the known models based on the ideal gas 
law for structures of fl ows (ideal mixture, ideal displacement, laminar and turbulent fl ows) in comparison with 
the response function of the sedate reaction mass were presented. The fl ow structure corresponds to the regime 
of the ideal displacement in the screw reactor at a treatment of the sedate reaction mass when air, water or other 
thin liquid are fed as lubricant in the wall layer.
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In many cases rheological properties of solutions and 
melts of polymers and reaction masses are described 
by a power rheological equation of Ostwald-de Waele 
with a relation between components of a stress tensor 
and a velocity of deformation looking as [1–3]
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The possibility of the transfer to the practically non-
gradient fl ow of the heavy sedate liquid in a pipe with 
thin wall layer when an anormality of the viscosity is 
simulated by equation (2)
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and in the case of a sample shift in the pipe it simulated 
by equation (3)
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Analogous non-gradient profi le of the velocity in the 
pipe of the heavy liquid with the thin wall layer was 
obtained for the Newtonian liquid fl ow [5, 6] at n = 

1 and η = const whose properties were described by 
equation 

                               • 

It was shown in [2] that also at the fl ow of the heavy 
reaction mass in the screw reactor with the thin wall 
layer when the rheological properties are described by 
equation (4) the reaction mass moved practically in the 
non-gradient regime, and possessed the structure of the 
fl ow of the ideal displacement, while coils of the screw, 
and in particular, installed between them additional 
agitators provided the ideal mixture in a radial direction 
[8, 9].

Let us show that for heavy sedate reaction mass, 
with abnormal viscosity described by equation (2) that 
moves in the axial direction z and simultaneously rotates 
with the screw in the presence of the thin wall layer, the 
velocity profi le Vz approaches the profi le of the ideal 
displacement [10]. 

A scheme of the considered fl ow is presented in 
Fig. 1.

Due to the symmetry the partial derivatives of the 
velocity components with respect to ϕ equal to zero. 

The velocity component Vr is absent. Only the 
derivatives dVz/dr and dVϕ /dr exist. 
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     τ = η γ.                                      (4)
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In this case for cylindrical coordinates we obtain
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We assume that owing to the above noted [4−7] that 
dVz/dr → 0 or
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then only the rotary movement of the reaction mass 
infl uences the effective viscosity: 
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And since Vϕ = ω·r , then
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From the equation of the movement in cylindrical 
coordinates [1] we obtain
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A solution of the last equation does not depend on the 
rheological properties of the reaction mass and looks as

                   1
1
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r
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Taking into account equation (8) for the sedate liquid 
we obtain 

 
                        1

1k r
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Equation (8) follows from a joint solution of equations 
(9) and (10) with boundary conditions r=R1, ω1=w

           1 1
1 3

1
1 3w C r Rn n/ /

 

Close mathematical arrangements for the thin wall 
layer with boundary condition r = R,ω2=0 lead to 
equation (12)

                        2 2 2
1 1

C
r R  

For determination of integration constants С1 and С in 
equation (11) and (12) we use conditions of the equality 
of the angular velocity and tangential stresses at R = R2. 
Then at ω = ω1

Fig. 1. The scheme of the axial movement of the sedate liquid with the thin wall layer (a) a diagram of the tangential stresses in the 
liquid elemenets, (b) velocity profi le.

Fig. 2. The scheme of the rotary movement of the sedate liquid 
with thin wall layer.
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Since from equation (11)
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and the velocity gradient Vϕ equals to
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from equation (12) we obtain dω/dr =–2C/r3 and 
then 
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Equating the right items of the equations of sets (13) 
and (15) we get a set of two equations for calculation of 
the integration constants С1 and С
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As a result we have a transcendent equation to 
compute the constant C1
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An algebraical expression for the integration constant 
C follows from the fi rst equation of set (16):
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The computed values of angular and linear velocities 
of the rotary movement of the sedate liquid with the 
thin wall layer were listed in Table 1 at n = 0.6; k = 10; 
m =10–3 Pa s; R = 0.15 m; R1 = 0.05 m; R2 = 0.1485 
m, so a thickness of the wall layer of the thin liquid 
(water) was 1.5 mm or 1% from a body radius R; w = 
6.28 s–1 (or a turn of the screw per second). The values 
of C1= 5.03 × 10–8; С = 6.95; а = 44.46; b = 1.86 × 
10–3; f = 47.57.

As shown in Table 1 for the sedate liquid the angular 
velocity approaches the angular velocity of the screw 
rotation and all its changes from w to 0 occur in the wall 
layer of the thin liquid (water) of the thickness of 1.5 mm. 
From general differential equation of the movement in 
the stresses along the axis z we get [1]

                        rz
p
l

r
m
r2

where m is an integration constant.
For this complex fl ow within the channel of the screw 

reactor with the rotary and forward movement of the 
sedate liquid we take into account assumption (6) and 
equation (8) to get

                  rz

n
zk r

r
dV
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1
1

or substituting the value of дω1/дr from equation (14) 
we can write

Fig. 3. Profi le of the angular velocities of the sedate and thin 
wall liquid in the screw reactor.
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for the viscous fl uid in the wall layer
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and for the stream without pressure drop in the opened 
screw reactor: ΔP/l → 0.

Then equation (21), and (22) taking into account 
equation (19) will look as
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A separation of variables and the integration of both 
equations of set (23) lead to the following equation
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Or reducing the factors attached to r, we can write
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The integration constant p1 and p can be computed 
from the boundary conditions. 
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Conditions of an equation of the velocities and the 
tangential stresses φrz and φм on the boundary radius 
of both liquids R2 can be used for computation of the 
integration constants M1 and M. From equations (24) 
and (25) we obtain
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where n1 = 1 – (5n – 3 – n2)/n, and the velocity gradient 
dVz1/dr in the area of the sedate liquid stream R1 ≤ r ≤ 
R2 is calculated by equation, that we get from the fi rst 
equation of set (24)
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Results of the computations for the dependences of 

Table 1. Dependence of the angular and linear velocities of the 
rotary movement of the sedate liquid with thin wall liquid
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the velocities of the sedate liquid Vz1 and the thin wall 
liquid Vz on the radius, and also analogous dependences 
for the velocity gradients dVz1/dr and dVz/dr calculated 
by equations (24) and (27) at V0 = 0.2 m s−1 and ω = 
2р (с – 1) are presented in Table 2. Values of n1 = 1.6; 
m1 = –5.66 × 10–4; m = –19.9.

As evident from Table 1 for the sedate liquid the 
velocity Vz1 approaches constant, and all velocity 
changes occur in the wall layer, thereby the velocity 
gradient dVz1/dr is signifi cantly lesser than the gradient 
of a peripheral velocity of the sedate liquid dVϕ/dr, and 
both gradients tend to zero.

Therefore the assumption in equation (6) is right and 
the effective viscosity can be determined by equation (8)  
as depending only on the gradient of the angular velocity. 
Thus in the screw reactor treating the sedate reaction mass 
with consistency constant k × 10 and fl ow indices n × 0.6 
the fl ow structure corresponds to the ideal displacement 
(Fig. 1b) when air, water or other thin liquid as a lubricant 
are fed in the wall layer. Since the consistency constant 
of the treated sedate reaction mass has an order 103 ≤ 
k ≤ 108 [1, 3] then stream indices can be lesser than 0.6. 
For a dilatant sedate liquid n > 1 the assumption (6) is 
even more correct than for pseudoplastic liquid with the 
exponent lesser than unit.  

Fig. 4. Graphs of the response functions for the fl ow structures 
of (1) ideal displacement, (2) ideal mixture, (3) the laminar 
stream of the viscous liquid, (4) the turbulent fl ow in a pipe, 
(5) the sedate reaction mass with thin wall layer.

Fig. 5. Dependence od the relative concentration of component 
A for reaction А+В→ R at сB0/cA0=1.1. 

Table 2. Dependence of velocities and velocity gradient on the radius
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In the considered case the fl ow of the wall thin liquid is 
0.5 m3 h−1 and is determined by integration of equation 

dQμ = 2 + π r Vz dr.

Taking into account the second equations of sets (25) 
and (26) we get:
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The fl ow of the sedate reaction mass is computed by 
analogous method according to equation
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and numerically equals to Q1 = 44.2 m3 h−1, thus the fl ow 
of the wall thin liquid is 1.3% relative to the fl ow of sedate 
reaction media for which the ideal displacement without 
a forced turbulization and large power consumptions is 
actual. 

The differential response functions of the known 
models of the fl ow structures based on the model of 
ideal gas (ideal mixture, ideal displacement, laminar and 
turbulent fl ows) and the response function of the sedate 
reaction mass described by the fi rst equation of set (13) 
are pictured on Fig. 4.
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where Vzc = Q1 /π(R2
2 − R1

2). 
An analysis of the graphic dependences (Fig. 4) 

exhibits that the fl ow structure of the sedate reaction mass 
with thin wall layer (curve 5, Fig .4) actually is close to 
the ideal displacement (δ(θ − 1) is the Dirac function) 
described by line 1 on this graph. Even the turbulent 
structure of the fl ow that now we assume as the closest 

approach to the ideal displacement and described by 
function 

   
CT 14 1 0

7 0
7

9
/ ; 0

98
120

signifi cantly differs from the obtained structure of the 
fl ows in the screw reactor with the thin wall layer. 

Even greater than the ideal displacement the laminar 
regime of the reaction mass in the pipe reactors (curve 
3, Fig. 4) that describes by a function

                     L
1

2 3 ; 0 5.

The graphs of the dependence of relative final 
concentration of the component A on the parameter κpτcA0 
at cb0 = cB0/cA0 1.1 for a simple chemical reaction A + 
B → R are presentedn Fig. 5.

The equations for the reactor computation for this 
reaction at various fl ow structures are known and look 
as [13, 14]
for reactor of the ideal mixture
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The graphs of last four equations are depicted on 

Fig. 5 (the graph of the turbulent fl ow practically coincides 
with the graph of the reactor of the ideal displacement). 

As evident from the picture, the transition from laminar 
fl ow to turbulent fl ow makes possible the  decrease in the 
reactor size 1.25 times at the conversion effi ciency of 
0.9 (cA = 0.1). This difference in the volumes increases 
at the high conversion effi ciency. Thus it is 42% at the 
conversion effi ciency of 0.93, and 60% at 0.95.

NOTIFICATION

Pij is the components of the stress tensor, Pa;
еij is the components of the tensor of the deformation 

velocities, s−1;
k is the consistency constant;
n is the fl ow index;
I2 is quadric invariant of deviator of the tensor of the 

deformation velocities, s−2;
V0 is longitudinal velocity of the reaction mass 

movement under the screw action, m s−1;
Vzc is an average velocity, m s−1;
и is dimensionless residence time;
сА0 and cВ0 are the starting concentrations of the 

reaction components in the raw material;
κр is the constant of the reaction rate;
φ is an average residence time of the reaction mass 

in the reactor, s−1.
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